A shift symmetry is a ubiquitous ingredient in inflationary models, both in effective constructions and in UV-finite embeddings such as string theory. It has also been proposed to play a key role in certain Dark Energy and Dark Matter models. Despite the crucial role it plays in cosmology, the observable, model independent consequences of a shift symmetry are yet unknown. Here, assuming an exact shift symmetry, we derive these consequences for single-clock cosmologies within the framework of the Effective Field Theory of Inflation. We find an infinite set of relations among the otherwise arbitrary effective coefficients, which relate non-Gaussianity to their time dependence. For example, to leading order in derivatives, these relations reduce the infinitely many free functions in the theory to just a single one. Our Effective Theory of shift-symmetric cosmologies describes, among other systems, perfect and imperfect superfluids coupled to gravity and driven superfluids in the decoupling limit. Our results are the first step to determine observationally whether a shift symmetry is at play in the laws of nature and whether it is broken by quantum gravity effects. * b.finelli@uu.nl † g.l.goon@uu.nl ‡ E.Pajer@uu.nl §
Introduction
Successful models of inflation need to drive accelerated expansion for a prolonged period of time, traditionally a few tens of e-foldings. This is in general problematic because of the UV-sensitivity of the inflationary mechanism. For example, for a canonical scalar field theory, one expects, on naturalness grounds, corrections to the scalar mass of the order of the cutoff of the theory Λ, which, by consistency, must be bracketed by the Hubble parameter and the Planck scale M Pl > Λ > H.
Further, dimension 5 and 6 operators are expected to be generated when integrating out degrees of freedom. Both of these effects generically yield large corrections to the η slow-roll parameter and shorten the duration of inflation to just a few efoldings (see e.g. [1] for a recent review). Things get much worse for large field models with super-Planckian displacements, ∆φ > M Pl , where an infinite number of higher dimensional operators induce larger and larger corrections.
It is well-known that these problems can be addressed within the effective low energy approach invoking an approximate shift symmetry, which makes the smallness of the dangerous operators technically natural. However, to yield enough efoldings of expansion, the shift symmetry needs to be preserved by Planck scale physics. This is again problematic because of the increasing circumstantial evidence that in UV-finite theories of gravity such as string theory any global symmetry should be broken [2] [3] [4] and, even when the symmetry is eventually gauged, it may be broken by large non-perturbative effects. In this work we avoid getting into the actively debated issue of super-Planckian shift symmetries 1 . Instead, we propose a plausible way to observationally establish whether a shift symmetry plays a role in cosmology. We derive the model-independent consequences of an exact shift symmetry within the Effective Field Theory of Inflation [7] , which beautifully captures the physics of single clock cosmologies in a unifying framework. In working with the Effective Field Theory (EFT), the nature of general classes of cosmological models is illuminated in a single fell swoop, as opposed to gleaning phenomenological predictions a single model at a time. In a future publication [8] , we will extend these results to an approximate shift symmetry. Also, shift symmetric models have been proposed to model both Dark Matter (see e.g. [9] ) and Dark Energy [10, 11] . Since our analysis is general to any FLRW spacetime, it can be used to study not just inflation but these other cosmological phases as well.
It is surprising that the consequences of a shift symmetry in the well-studied EFT of Inflation 1 In many papers on the topic of the Weak Gravity Conjecture [2] or the Swampland [5] , it is often stated that super-Planckian field ranges are problematic, namely that ∆Φ ≡ dΦ < M Pl . This is most likely not the right formulation of the problem. For example, even for an axion with sub-Planckian decay constant, it is easy to find initial conditions for which ∆Φ > M Pl . Also, super-Planckian curved trajectories exist in arbitrary small volumes of multifield space, e.g. along the lines of [6] . We therefore prefer referring to sub-Planckian shift-symmetry breaking scale rather than field displacement.
have not yet been worked out 2 . In applications to inflation, the standard lore claims that a shift symmetry ensures that the time dependence of all the arbitrary effective coefficients must be small. This is clearly incorrect. For example, in the exact shift symmetric case slow-roll inflation is actually impossible because some slow-roll parameter and therefore some derivative of the Hubble parameter must be large (see App. D). Also, even imposing the smallness of all (Hubble) slow-roll parameters, the properties of the fluid that permeates space, such as the speed of sound, can in general have a large time dependence, as happen in many condensed matter systems. In this paper, we rectify these misconceptions and show that a shift symmetry imposes infinitely many recursive relations among effective coefficients and their time derivative (see (4.5) and (4.17) ). We recently presented in [13] complementary approach using Ward-Takahashi identities and the language of adiabatic modes (see also [14, 15] ).
The rest of the paper is organised as follows. In Sec. 2, as a warm up, we discuss non-gravitational systems on Minkowski spacetime and derive a single-clock Effective Theory for non-linearly realized time translations, boost and shift symmetry. This theory describes, among other systems, perfect, imperfect and driven superfluids. In Sec. 3 we move on to include gravity, we review the construction of the EFT of Inflation and discuss how it changes in the presence of a shift symmetry. In Sec. 4 we derive the relations among EFT parameters that are dictated by the shift symmetry and in Sec. 6 we discuss the corresponding phenomenology. We conclude in Sec. 7 with a discussion.
Additionally, we provide a list of our main results below, along with our conventions.
Main Results
The central findings of this paper are:
• The shift symmetry induces an infinite tower of constraints on the EFT coefficients, tying together the behavior of the standard slow-roll parameters to quantities characterizing the fluid, such as its speed of sound. These relations are valid not only for inflationary spacetimes, but for any cosmology whose dynamics are dominated by a single scalar degree of freedom.
For example, at lowest order in derivatives, the shift symmetry reduces the infinitely many arbitrary functions of time to just a single one, which can be taken to be the background evolution H(t).
• In the EFT of Inflation, non-linearly realized time translations elegantly imply that a small speed of sound must be accompanied with large non-Gaussianity [7] . Analogously, here we show that a non-linearly realized shift symmetry implies that strong time dependence must be accompanied by large non-Gaussianity.
• A shift symmetry for a fundamental scalar Φ(x µ ) does not generically imply an approximate, constant symmetry for the emergent Goldstone perturbation π(x µ ), as is sometimes stated. As a result, operators such as ∼ π(∂ i π) 2 cannot generically be ignored in shift-symmetric models and they can play a non-negligible role in the production of primordial non-Gaussianities.
• The fundamental shift symmetry also corresponds to the existence of an adiabatic mode, derived here, and Ward identities for its correlators, studied in [13] . This is the first of many examples of adiabatic modes arising from the mixing of large diffeomorphisms and internal symmetries.
• The construction remains interesting even in the flat space limit, where the effective theory describes the dynamics of both perfect, imperfect and driven superfluids. The latter correspond to the study of shift-symmetric theories about non-trivial vacua in which the background scalar field profileΦ(t) evolves as a non-linear function of time and are a generalization of the "spontaneous symmetry probing" systems studied in [12] .
Conventions:
We work in mostly plus signature and use the curvature conventions R ρ σµν = ∂ µ Γ ρ νσ + . . . and R µν = R ρ µρν . The Hubble and slow-roll parameters are defined in cosmological time by H ≡ȧ a , ε = − 
2 Non-Gravitational, Shift-Symmetric Systems
In this section, we consider the introductory example of Poincaré invariant, shift-symmetric, nongravitational systems and derive an Effective Field Theory for perturbations around backgrounds that non-linearly realize time translations, boosts and a shift symmetry. We also formulate these results in the language of superfluids and spontaneous symmetry probing [12] . The result can be considered as the decoupling limit, M Pl → ∞, around Minkowski spacetimeḡ µν = η µν of the more general theory we will derive in the next sections for gravitational systems. We start with this warm up case because the absence of gauge ambiguities (diffeomorphism) makes the treatment particularly transparent. Our final EFT describes perfect, imperfect and driven superfluids.
Spontaneously Broken Time Translations
Let us start by considering a Poincaré invariant, non-gravitational system that non-linearly realizes time translations and boosts. We will restrict to systems with a single scalar degree of freedom.
The starting point is a scalar field U (x) that linearly realizes Poincaré invariance, U (x) → U (Λx + α) for some Lorentz transformation Λ and four-translation α (suppressing Lorentz indices).
where Lorentz indices are contracted with the flat spacetime metric η µν . We now consider a homogeneous but time-dependent background solutionŪ (t). Using an appropriate field redefinition, one can always chooseŪ (t) = t (assumingŪ is monotonic). We choose to parameterise perturbations by
where the field π can be thought of as the Goldstone field which non-linearly realizes time translations and boosts 3
In the spirit of an effective description, one can organise the operators in the Lagrangian in a derivate and field expansion. This is particularly convenient because at low energies and up to some precision only a finite number of operators contribute. For instance, at the leading order in derivatives one finds the operators d n (U )(∂ µ U ∂ µ U + 1) n , containing at most one derivative per U .
In term of π, the action up to two derivatives per field reads
where for later convenience we introduced the "extrinsic curvature" K as 4
In terms of π, K is given by (see also (3.9))
This form of the action obscures two useful facts: tadpole cancellation (d 0 = −2d 1 + const) implies that the action starts at quadratic order in perturbations and π decouples at zero momentum, or 3 Spacetime transformation are sometimes written in a mixed form where both the fields and the coordinates are transformed, e.g. t → t + α 0 and π → π − α 0 . Here we stick instead to purely active transformations where only the fields are transformed. Although the two conventions are of course equivalent, we find our approach more convenient when treating systems that are not time translation invariant, because the Lagrangians have explicit time dependence. 4 Notice that, since we are on a flat spacetime, K starts linear in fluctuations, and therefore we did not have to subtract its background value in (2.4). Also, the two terms in K coincide up to a total derivative, which we have chosen to match the curved spacetime notation.
equivalently π = const is a solution of the equations of motion. It is possible to re-write (2.4) so that both facts become manifest. The result is 5
The actions (2.4) and (2.7) describe the universal sector of any system that breaks time translations spontaneously. Namely, the form of the operators is dictated only by the breaking pattern and no input from additional symmetries has been considered so far.
Spontaneously Broken Shift Symmetry
We now proceed to impose a shift symmetry. We assume that there exists some field redefinition Φ(x) =Φ(U (x)), for some algebraic, single-variable functionΦ, such that the action (2.4) is invariant under the internal symmetry Φ → Φ + c, for some constant c. In terms of π, the shift-symmetry transformation is readily extracted from 8) and it is found to be 9) at linear order in c but to all orders in π. Imposing exact invariance of the action (2.4) under (2.9) provides infinitely many recursive relations among the coefficients:
We will extend these relations to curved spacetime in (4.17).
These relations can be interpreted as the on-shell conservation ∂ µ J µ = 0 of the Noether current J µ associated with the transformation (2.9), expanded order by order in π. If the Lagrangian is exactly invariant under (2.9), then the current J µ = (δL/δ∂ µ π)∆π is conserved and the conditions (2.10)-(2.11) are satisfied. On the other hand, if the variation of the Lagrangian is a non-zero total derivative, ∆L = ∂ µ F µ , then the conserved current is J µ = (δL/δ∂ µ π)∆π − F µ and the relations (2.10)-(2.11) get corrected accordingly. The only non-trivial 6 case arises from a "driving" term, i.e. a tadpole µΦ in the Lagrangian, which generates the change ∆L = µc. The only correction to the recursive relations takes place at n = 0 in (2.10): 12) while (2.11) is unchanged. Clearly, this discussion can be further generalised to include higher derivative operators (∂∂U ) n in the effective theory (2.4). We will comment on this point later on in the context of gravitational systems.
It is also interesting to consider the Goldstone boson ϕ of shift symmetry transformations, defined by
Under shift symmetry and time translations, it simply transforms as
14)
ϕ is non-linearly related to the Goldstone of time-translations by
It is worth noting that the shift symmetry (2.9) and Poincaré transformations (2.3) are distinct and independent from each other. In Table 2 , we summarize how the various transformations are non-linearly realized on π and ϕ. For generalΦ this is the end of the story, but one special case arises whenΦ is a linear function of time [12] , in which case the system can be identified as a perfect superfluid to leading order in derivatives. In this case,Φ = const and ϕ coincides with π (and so do their transformations).
As we discuss next, the action (2.4) with the shift symmetry relations (2.10), (2.11) and (2.12) describes the low-energy excitations of this perfect superfluid as well as more general systems such as imperfect and driven superfluids.
Perfect Superfluids
In flat, non-dynamical spacetime, different states of matter can be classified according to the underlying pattern of spacetime and internal symmetry breaking (see [16] for a recent systematic 6 All other terms that change by a total derivative can be integrated by parts so that they're strictly invariant.
E.g. Φ Φ shifts by a total derivative, but can be integrated to the form − (∇Φ) 2 . discussion). From this point of view, a perfect superfluid 7 is defined as a system possessing a global internal abelian symmetry that is broken together with time translations in such a way that a diagonal combination of the two symmetries remains unbroken. To lowest order in derivatives, one finds that the low energy effective action is simply an arbitrary function P (X), where X ≡ −∂ µ Φ∂ µ Φ/2 for some order parameter Φ (see e.g. [18, 19] ). In the ground state, the order parameter takes the solution Φ = t, and so could be identified with the field U . The equation of state of the superfluid fixes the form of the function P and the action indeed reproduces the correct relativistic hydrodynamic equations [20, 21] . Perturbations of a perfect superfluid are described by the action (2.4) withd n = 0 supplemented by the conditions (2.10). SinceΦ = 0, one simply findṡ
This is not surprising and it has in fact been discussed in detail in [12] as a specific example of Spontaneous Symmetry Probing: the system evolves linearly in time in a symmetry direction so nothing really evolves in time. One can show that perturbations can always be parameterized in such a way that time translations appear unbroken. Also, notice that sinceΦ is a linear function, the Goldstone of time translations π coincides with the Goldstone boson of shift symmetry transformations ϕ.
For a perfect superfluid, the role played by the symmetry breaking pattern can be emphasized further: one can derive the action (2.4) via a coset construction [22] . The starting point is the observation that, since Φ is linear in time, a linear combination of the Hamiltonian with the generator Q of the abelian shift symmetry must be conserved. This allows one to define a modified Hamiltonian that is conserved and then proceed with the standard coset construction, which assumes an unbroken Poincaré group [23] .
Imperfect and Driven Superfluids
In this subsection, we discuss two examples of systems that, like the perfect superfluid, possess a shift symmetry and are described by the action (2.4): the imperfect (or "braided") superfluid [24, 25] and the driven superfluid. These systems behave very differently from the superfluid because the underlying order parameter evolves non-linearly in time,Φ = t. As a consequence no linear combination of the time translation and shift-symmetry generators remains unbroken: the system truly evolves in time.
The most general shift-symmetric, Poincaré invariant scalar theory to leading order in derivatives 7 In this work we always implicitly assume that the superfluid is at zero temperature. A finite temperature superfluid can be described by an admixture of a perfect fluid and a zero-temperature fluid, but we will not discuss this case. See [17] for more details.
is a driven superfluid
for some real constant µ. The tadpole term µΦ captures the coupling to some external source of shift-symmetry current, which pumps superfluid charge into the system. The equations of motion for homogeneous backgrounds are simplÿ
For the perfect superfluid µ = 0 and one finds 8Φ = 0, i.e. the Spontaneous Symmetry Probing stateΦ = µ. Remarkably, this solutions exists for any choice of P (X). Instead, for the driven superfluid, µ = 0, the equation of motion (2.19) is solved by separation of variables:
For general P (X), this gives some time dependence Φ(t) that is non-linear. For example, the canonical case P (X) = X gives a quadratic solutionΦ = −µ. The low-energy dynamics of perturbations of the driven superfluid is still described by the action (2.4), but interestingly d n (t) are not constant in time. Rather, they can have a complicated time dependence, which is determined by the equation of state (equivalently by P (X)). Notice that since time translations are non-linearly realized on π, this action is not straightforwardly derived using the well-known coset construction for spontaneously broken spacetime symmetries [23] . It would be interesting to find a generalised coset construction that can deal with similar cases.
Another case captured by our EFT that is not a superfluid is the imperfect or braided superfluid discussed in [24] . The Lagrangian now contains higher derivative interactions
for some arbitrary functions P and G. As in the case of the driven superfluid, the solution of the equation of motion is generically not linear in time Φ = t. As a consequence the effective coefficients d n andd n in (2.4) do depend on time and must satisfy the constrains (2.10) and (2.11). Finally, notice that whenΦ is not a linear function, the Goldstone of time translations π does not coincide with the Goldstone boson ϕ of shift symmetry transformations, as manifest in (2.16). We are now ready to tackle gravitational systems.
8 Another, less general solution for µ = 0 is found by demanding that the term in parenthesis in (2.19) vanishes, which happens for the specific choice P = CX −1/2 . The equations of motion vanish identically! Physically one expects higher order corrections to the Lagrangian to become relevant and dictate the dynamics.
Shift Symmetry and the EFT of Inflation
In this section, we review the EFT of Inflation [7] and discuss what changes in presence of a shift symmetry. The reader already familiar with the EFT of Inflation may skip directly to Sec. 3.2.
Review: the EFT of Inflation
In the EFT of Inflation [7, 26] , we assume that the theory consists of the metric g µν and a single scalar degree of freedom Φ which takes on a time-dependent profileΦ(t) and sources a FriedmannRobertson-Walker (FRW) background metric:
We then study all possible fluctuations about this background, whose forms are constrained by symmetries of the problem, and organize in a derivative expansion.
The structure of perturbations is efficiently organized by working in unitary gauge where temporal diffeomorphisms are used to set the perturbation of the scalar field to zero: Φ(x) =Φ(t) exactly.
In this gauge, the spacelike surfaces of constant Φ provide a natural "clock" for the system and the theory is one of the clock and the metric. In practical terms, this means that the ingredients of the theory are g µν , its associated curvatures and geometric quantities that characterize constant Φ slices, such as the normal vector n µ , extrinsic curvature K µν , induced metricĝ µν = g µν + n µ n ν , intrinsic Ricci curvatureR µν , etc. Thus, the Lagrangian takes on the form
where any unwritten geometric quantities are redundant with those shown. After having imposed unitary gauge, the only remaining symmetries of the theory are spatial diffeomorphisms, consistent with the form of (3.2). When expanding the action about a particular FLRW background as in (3.1), a similar expression to (3.2) holds, but with perturbed quantities everywhere. In discussing the consequences of the shift symmetry in the following we will focus mostly on theories for perturbations in the form
where d n µ 1 ...µm ν 1 ...νm (t) are dimensionful, background time-dependent tensors made of δ µ ν -functions, which depend on the explicit UV model 9 behind the effective description (3.3). For coefficients of operators linear in δK, we find it useful to also use the following notation:
Generalizations involving, for instance, the Riemann tensor and contractions thereof are straightforward and will not be discussed here. The effective action contains the following tadpoles 10 :
where we have defined the metric perturbation relative to the inverse metric g µν =ḡ µν + δg µν .
Taking the equations of motion from (3.4) and demanding that (3.1) be a solution determines
We have labeled our EFT coefficients in such a way as to make the soon-to-be derived recursion relations between different operators particularly compact. As a result, our notation differs from that of [7] . For the reader who is more familiar with the notation of [7] we summarize in Table 1 the main conversion rules between the two different notations. Operators in the EFT Coefficients in our notation Coefficients in the notation of [7] 
Differences between models are encoded in the addition of operators which are higher order in δg 00 , δK µν , δR µνρσ and the number of derivatives. For instance, the operators with the fewest derivatives per fluctuation are of the form
Such operators correspond to the existence of P (φ, X), X ≡ − 1 2 (∇φ) 2 , terms in the fundamental Lagrangian, while additions of δK µν would correspond to interactions involving second derivatives ∼ ∇∇φ, as has been studied, for example, in Galileon or Horndeski type models [31] [32] [33] [34] [35] [36] [37] .
this were the case, at typical energies of order H ≪ Λc contributions from higher derivative operators are dramatically suppressed by powers of H/Λc. In order to motivate the interest in terms involving not only (δg 00 ) n in (3.3), we point out that there exist well defined theories [27] (see also [28] and [29, 30] for the phenomenological consequences)
where e.g. (dn
enhancing the effects of higher derivative operators. 10 It is possible to integrate the δK µ µ tadpole term by parts in order to turn it into a sum of ∼ δg 00 n operators [7] , but we will not perform this manipulation here.
As discussed in [7] , it is convenient to restore the full diffeomorphism invariance through a Stückelberg transformation, acting on δg 00 as
Under a general diffeomorphism x µ → x µ + ξ µ , π changes as (summarized in Table 2 )
This point of view is especially useful when the mixing between the scalar π mode and gravitational degrees of freedom can be neglected. In this decoupling limit, one finds [7] :
where the λ n (t)'s are which are determined by the background [38] :
The EFT of Shift Symmetric Cosmologies
The action (3.2) descends from a generally covariant action that has simply been evaluated on some backgroundΦ(t) in unitary gauge, Φ(x) =Φ(t). The symmetries of the gauge fixed action are the subset of symmetries of the original action that also preserve the gauge condition, i.e. they are the residual transformations. For instance, spatial diffeomorphisms are good symmetries of a generic action of the form (3.2) since they preserve Φ(x) =Φ(t), whereas temporal diffeomorphisms do not generally preserve the condition.
However, in the limit of an underlying shift symmetry there does exist a particular temporal diffeomorphism which preserves the gauge condition, when combined with an internal shift. Namely, if we perform a diffeomorphism x µ → x µ + ξ µ where ξ µ = cδ µ 0 /Φ(t) and c an infinitesimal constant, this induces 13) and the constant c term can be subtracted off by a compensating internal Φ(x) → Φ(x) − c symmetry transformation. Therefore, the consequence of an internal shift symmetry is that the resulting unitary gauge EFT must be invariant under temporal diffeomorphisms of the above form:
where g ′ µν = g µν + £ ξ g µν and similar for other quantities. The transformation of π and δg µν in the full diff-invariant Goldstone action are also easy to find following the Stückelberg trick. From the relation Φ(x) =Φ(t + π) we deduce the same transformation as in flat space, (2.9), namely ∆π = c/Φ(t + π).
Clock Time
The arguments of the previous section can be formulated even more directly by changing the time coordinate. Rather than working in cosmological time, we can use Φ directly as the clock. That is, if we change time coordinates from t to φ with the relation defined implicitly via 11Φ (t) ≡ φ, then the the gauge fixing condition is Φ(x µ ) = φ where now x µ = (φ, x). We refer to this choice as "clock time". The price one pays for using these coordinates is that the background metric takes on the following, somewhat unfamiliar form:
where f (φ) = ∂ tΦ (t(φ)). In App. B, we discuss the form of ζ in these coordinates both by transforming directly from the comoving gauge expression and by using δN arguments.
In clock time, the special temporal diffeomorphism that remains a good symmetry of the gauge fixed action is simply a global time translation:
with c again a constant. This produces a simple constant shift of Φ, 16) which is just the action of the global internal symmetry. Though these coordinates are unfamiliar, they can be useful for explicit calculations and perhaps provide some conceptual clarity. For instance, in Sec. 4.2 we use clock time to derive EFT recursion relations.
Goldstone Action in Clock Time
In this section, we include the form of the Goldstone action calculated in clock time, for completeness. Since by definition ∂ 0Φ = 1, the Goldstone of clock-time translations coincides with the Goldstone of shift symmetry transformations and we will hence indicate it by ϕ to distinguish it from the Goldstone of cosmological-time translations π.
For simplicity, we focus only on the lowest derivative interactions (3.6) such that the Goldstone modes arise from the following terms
Following the steps of [7] , the ϕ field, analogous to π in cosmological time, is introduced by performing a temporal diffeomorphism which in clock time is of the form φ → φ + ϕ(x). In terms of the δg 00 perturbations, this corresponds to replacing
where all gravitational perturbations have been neglected, and simultaneously replacing d n (φ) → d n (φ + ϕ). These steps yield the Lagrangian for scalar fluctuations in clock time:
19)
The advantage of clock time is that the shift symmetry for ϕ becomes a simple constant shift (summarized in Table 2 ) 20) but the price paid is the somewhat unwieldy form of the action above. See App. C for more on the EFT in clock time and App. B for an analysis of the comoving curvature perturbation in these coordinates.
Constraints on EFT Parameters
In this section, we apply the arguments of Sec. 3 to several classes of EFT models. We start in 
Relations for S int [δg 00 ]
Consider the following EFT where interactions of the form (3.6) are added to the universal action (3.4) expanded about the cosmological time background (3.1),
This theory corresponds to a perfect superfluid, a.k.a. a P (X) theory. It supports many cosmological solutions, such as matter and radiation domination, but it cannot support slow-roll inflation in the shift symmetric limit [13] , as we review at the end of this section.
The metric perturbation transforms as δg 00 → δg ′00 as determined from
with ξ µ = cδ µ 0 /Φ. Whenḡ µν is the inverse FLRW metric in cosmological time (3.1), this corresponds to (summarized in Table 2 )
understood to hold to O(c). Replacing δg 00 → δg ′00 everywhere in the action and relabeling coordinates, the action changes by
and therefore a shift symmetry corresponds to the following relation in these models 12 :
for n ≥ 0. So far we have not used the tadpole cancellation conditions (3.5), a.k.a. the background equations of motion. In Sec. 6, this data will be used to solve the relations (4.5) recursively; see e.g. (6.1).
Let us conclude with two final comments. First, from the relations (4.5), it immediately follows that slow-roll inflation is impossible in P (X) models. The speed of sound is determined by d 2 1 c 2
12 Here we assumedΦ = 0. To take theΦ → 0 limit one should go back to the terms in square brackets in (4.4).
and if we use the n = 1 relation to solve forΦ and substitute the result into the n = 2 relation, it
Therefore, for stable theories in which c 2 s > 0, either ε = 0, corresponding to the case of ghost inflation [39] , or at least one of ε and η is O(1), implying that the slow-roll conditions are violated 13 .
This result is also derived directly from the P (X) Lagrangian in App. D. It is also worth noticing that, combining the equationḋ 0 = −2a −3 ∂ t (a 3 d 1 ) that one derives from the Friedmann equations and with the n = 0 relation of (4.5), one finds the following differential equation forΦ(t):
This can be solved exactly:
whereΦ 0 andΦ 1 are arbitrary integration constants. We stress that the background metric only determines the solutionΦ(t) in the limiting case of P (X) models. We shall see later on that as soon as higher derivative operators are added into the theory this ceases to be true.
Second, the relations (4.5) follow from symmetry and are therefore not renormalized to any order in perturbation theory 14 . This is to be contrasted with UV-theories of the form P (X)−V (Φ), where the only symmetry breaking source is a potential V (Φ). Upon inspection, these theories also lead to the relations (4.5) for n = 0 at tree level. However, the form of the action P (X) − V (Φ) is not protect by any symmetry and loop corrections generate terms P (X, Φ) than cannot be written as a separate sum of P (X) and V (Φ). As a consequence, in theories with an action P (X) − V (Φ) the relations (4.5) are valid (for n > 0) only at tree level and receive corrections at any loop order, which might be small if derivatives of V are sufficiently suppressed.
Relations for S int [δg 00 , δK µν ]
In this section, we derive the relations between coefficients in the case where the EFT interactions are built not only from δg 00 , but also from the higher derivative δK µν operators. To give a complementary perspective, the relations will be derived using clock time (see Sec. 3.2.1) as opposed to cosmological time as in the previous section. 13 Theories of this second type are usually referred to as "non-attractor" scenarios, originating with the study of ultra slow-roll inflation [40] . See [15, 41, 42] for some recent work on such models. 14 In the presence of a Chern-Simon coupling to some gauge sector, there could be non-perturbative corrections that break the shift symmetry and invalidate these relations.
In clock time, the symmetry of the system is a global, constant shift in time: φ → φ + c. Let us expand the action in powers of the full g 00 and K µ ν (as opposed to perturbations thereof) as
The time translation symmetry now implies that the c n EFT coefficients (suppressing Greek indices) are independent of φ, whereas they would be non-trivial functions of φ in a generic, non-shiftsymmetric theory.
We are usually interested in the action (4.10) expressed as an expansion in the perturbations δg 00 and δK µν :
where the d n 's are now φ-dependent, generically. Expressions for the c n 's in terms of the d n 's and background quantities can be straightforwardly derived by making the following replacements in (4.11)
and reorganizing the summation. The consequences of the shift symmetry on the d n 's is then simply found by demanding that the c n 's are φ independent:
The result is the following recursive relation:
The analogue relation in the more familiar cosmic time language can be easily derived noticing that, under the time reparametrization t → φ(t), geometric quantities transform in the following way: Clearly, in the particular case d n µ 1 ...µm ν 1 ...νm = 0, ∀m = 0, one recovers the result (4.5). As before, these relations are not renormalized to any order in perturbation theory.
In analogy with the procedure in Sec. 4.1, the relations (4.17) can be used to simplify the background equations of motion. First, notice that differentiating the second equation in (3.5), solving forḢ and plugging it back into the first yields the following background equatioṅ
Requiring shift invariance, namely using the relation with n = 0 and m = 0 of (4.17), the differential
which can be formally solved asΦ
for some constantΦ 0 andΦ 1 , generalizing Eq. (4.9). However, as expected, this is not enough to solve unambiguously only in terms of the background metric and derivatives thereof.
Summary of Field Transformations
In Table 2 , we collect the transformation laws of the various fields of interest under internal shifts and time-diffeomorphisms as a useful reference. For the π and ϕ Goldstone fields, the transformations under actions of an internal shift and a time-diffeomorphisms are independent and therefore listed separately. Shifts act linearly on ϕ but non-linearly on π, while time translations always act non-linearly for non-trivial backgroundsφ = 0. There is always a linear combination of these two symmetries that act linearly on ϕ (namely ξ 0 = −c/Φ(t)), but not on π. The only exception happens forφ = const, in which case π and ϕ coincide. At lowest order in derivatives,φ = const corresponds to either flat spacetime, H = 0, or the ghost condensate P ′ (X) = 0 [43] .
In unitary gauge things are slightly different. The transformation law of δg 00 is properly thought of as a combination of the two transformations, and it is therefore listed in the diagonal category 15 Deriving the same relation in cosmological time is straightforward upon the use of the transformation law
Unitary Gauge t-translation Goldstone Shift-sym. Goldstone Shift Symm. in Table 2 . This fact can again be seen starting from the π Goldstone theory by noting that from here we return to unitary gauge by simply setting π → 0. The unitary gauge symmetry transformation can then be seen to arise by starting with the π theory and finding the diagonal symmetry under which ∆π = 0 when evaluated at π = 0, as this is the condition required for preserving unitary gauge. From Table 2 , the appropriate action is then simply the shift symmetry plus a diffeomorphism with ξ 0 = −c/Φ(t) and this time-diffeomorphism acts on δg 00 as indicated in the Unitary Gauge column in Table 2 (up to a sign).
Shift Symmetric Adiabatic Mode
In this section, we discuss the adiabatic mode for the comoving curvature perturbation ζ which descends from the shift symmetry. The naive transformation for ζ is a symmetry for the scalar action when written in terms of ζ, the lapse and the shift. However, it fails to be a symmetry once these constraint fields are integrated out. The essential reason for this discrepancy is that the shifted profiles do not preserve the solution to the constraint equations, which is what is used to remove the lapse and shift from the action. By following Weinberg's adiabatic mode argument [44] , we derive the corrected ζ-shift, which is a true symmetry of the ζ-action. This adiabatic mode leads to Ward identities amongst cosmological correlators, as we discussed in [13] .
We now discuss the details of the adiabatic mode, expanding upon the results presented in [13, 45] . We will restrict our discussion to the case of EFTs of the form considered in Sec. 4.1:
This is done for concreteness and simplicity; generalization to other cases is straightforward.
Consider the action for the comoving curvature perturbation ζ introduced as a metric perturbation in the following form
where we are working in comoving gauge and have only included scalar perturbations. Above, and in what follows, spatial indices will be raised and lowered with the flat δ ij metric. Plugging the decomposition (5.2) into (5.1), the quadratic terms are found to be:
where we have symmetrized over momentum labelings and replaced d 2 by its expression in terms of the speed of sound (4.6).
From the arguments of Sec. 4, the underlying shift symmetry turns into the symmetry transformation g µν → g µν +£ ξ g µν with ξ µ = cδ µ 0 /Φ. In terms of the perturbations in (5.2), this corresponds to:
If we substitute (5.4) into (5.3), the change to the action is
after integrating by parts. In a generic theory, the above is non-zero, but in an shift symmetric theory the recursion relations (4.5) ensure that both coefficients vanish.
However, if we integrate out the ψ and δN constraint fields to build the action for ζ alone, the naive transformation (5.4) is not a symmetry of the resulting action. The constraint equations which arise as the δN and ψ EOM are
which has the following solutions at non-trivial k:
(5.7)
Substituting (5.7) into (5.3), one is left with the standard quadratic c s ζ-action:
transformation is applied to (5.8) , the variation of the action,
ζ , is a complicated sum of terms which does not vanish upon use of the recursion relations (4.5). Equivalently, it can be checked that the field profile corresponding to the naive shift,
does not satisfy the ζ equations of motion.
The failure of the ζ-transformation to be a symmetry of (5.8) arises from the fact that the shifts (5.4) do not preserve the form of the solutions (5.7) that were used to integrate out the constraints.
In practical terms, this means that in (5.8) we have replaced, for instance, δN k →ζ/H everywhere and whereas the factors of δN k in the initial action (5.8) shifted as δN k → δN k − cΦ 
This is the reason why the ζ action (5.8) is not invariant under the naive transformation in (5.4).
Weinberg's adiabatic mode construction [44] instructs us how to cure this issue. The procedure is to improve the diffeomorphism that generated (5.4) by adding to it an additional residual diffeomorphism that ensures that the relations (5.6) are preserved. The full "adiabatic" diffeomorphism that preserves the constraints turns out to be a combination of the naive temporal shift plus a time-dependent dilation [13] :
The total, improved transformation is then 11) to lowest order in ζ, and it is straightforward to check that (5.11) is a symmetry of (5.8) and, correspondingly, that the associated ζ k profile solves the equations of motion stemming from (5.8).
Finally, we note that the situation here is somewhat different than the more familiar cases of the dilation and special conformal residual symmetries of cosmological spacetimes, as the adiabatic correction term in (5.10) already affects the field-independent part of ζ's transformation law, i.e.
the "non-linear" term. For instance, a similar adiabatic analysis is carried out in [46] for the residual 16 The combination HδN k −ζ k shifts as special conformal diffeomorphisms where it was found that the adiabatic correction term only affects ζ's transformation at linear order in ζ. Specifically, the naive special conformal diffeomorphism is purely spatial, 12) and the compensating piece which is required to create a constraint-solution-preserving adiabatic mode is a time-dependent translation:
At lowest order, the corresponding symmetry acts on ζ in position space as 14) and hence the additional term in (5.13) does not affect the non-linear term of the transformation law. There is trivially no adiabatic correction to ζ's symmetry in the dilation case, as the naive dilation already corresponds to a proper adiabatic mode.
Interactions and Non-Gaussianity
In this section, we discuss the strength of interactions in the shift symmetry effective theory (4.1)
and estimate the size of the associated non-Gaussianity. For simplicity, we consider only interactions at leading order in derivatives, i.e. those of the form ∼ δg 00 n .
Goldstone Interactions
We start by deriving the form of the interactions in terms of π, the Goldstone of time-translation breaking. The action is then used to estimate the size of non-Gaussianity produced by the ∼ π (∂ i π) 2 operator which is typically ignored in EFT of inflation analyses, but can be non-negligible in shiftsymmetric theories.
At leading order in derivatives, one can express all effective coefficients in terms of the Hubble parameter and its derivatives (a.k.a. the slow roll parameters) using (4.5). Intuitively, this is to be expected given our discussion in Sec. 1: in a small enough region, perturbations can be thought of as shifts back and forth along the background solution and so their interactions are fixed by the Taylor expansion of background quantities such as the Hubble parameter. Indeed, up to cubic order in perturbations, the effective Lagrangian (4.1) is
whereΦ/(HΦ) = −3c 2 s if the shift symmetry is exact 17 . The coefficients of higher order (δg 00 ) n , n > 3 operators are also determined by the recursive relations (4.5). For the reader familiar with the notation of [47, 48] 
and when the shift symmetry is exact, this can be re-expressed as
where s ≡ċ s /(c s H).
For phenomenology it is often convenient to make the scalar degree of freedom explicit using the Stückelberg trick. The quadratic action reads
It proves useful to restore a sort of fake Lorentz invariance by rescaling the spatial coordinates as x i →x i ≡ x i /c s [49] . Performing this relabeling and additionally canonically normalizing the scalar field as
the ultimate quadratic action is
where
Otherwise, for P (X, Φ) theories, the background equations of motion implÿ
We stress that for theories of the type L = P (X) − V (Φ) where the potential is the only symmetry breaking source Eq. (6.1) is formally identical, but withΦ/(HΦ) given by (6.2) and with P,Φ ≡ −V,Φ. Indeed, as already mentioned, at tree level the recursive relations (4.5) are unaffected except for the one with n = 0.
Carrying out the same steps for the cubic action results in the following:
where we defined the scale 10) which, roughly, controls the strength of the derivative operators. In (6.9) the dimensionless coeffi-
is a lengthy combination of slow-roll parameters that we omit for simplicity.
Finally, we briefly estimate the relative size of the non-Gaussianity induced by the π c (∂ i π c ) 2
operator. Because an approximate constant shift symmetry is typically assumed for π c , this operator is not usually considered as its coefficient is taken to be slow-roll suppressed. However, this need not be the case in general. Comparing its contribution to f NL against that ofπ c (∂ i π c ) 2 , for example, 11) which in principle can be ∼ O(1) if there is for instance some strong time dependence in the parameters such that the denominator turns out not to be parametrically slow roll suppressed.
Strong Coupling
In this section we estimate the strong coupling scale of the shift-symmetric theory. We find that imposing a shift symmetry does not change the usual estimate for this scale.
It is often assumed that the action for π has an approximate constant shift symmetry, π c → π c +c.
As a result, operators with undifferentiated factors of π are typically ignored, as their coefficients are taken to be slow-roll suppressed. For a generic shift-symmetric theory, this is not generally true.
Indeed, in addition to the standard operatorsπ 3 c andπ c (∂ i π c ) 2 discussed in [7, 47] , in (6.9) there is also a π c (∂ i π c ) 2 term whose coefficient is not generally small, for instance. This is to be expected because the shift symmetry in cosmic time, ∆π = c/Φ(t + π), does not in general correspond to a simple constant shift. When such lower derivative operators also exist in the effective theory, it's possible that they can play a non-trivial role in determining the theory's strong coupling scale. We repeat the standard strong coupling scale estimate in the presence of this additional operators now.
It follows from dimensional analysis that a generic operator at order O(π n c ) is of the form 12) where the dimensionless coefficients C n,m,k (ε, η, c s , s, . . .) are generically functions of the indicated arguments. In the standard EFT of Inflation, where π c is always differentiated, these coefficients are taken to be negligible if m = 0 and the strong coupling scale is simply Λ ⋆ . In our scenario, where the coefficients can be non-negligible when m = 0, there is a second scale H and the energy associated to the above operator is:
(6.13)
Clearly, E n,m,k increases with m, unless 2n − m − 4 < 0. However, the only operator that satisfies this condition is a relevant cubic ∝ π 3 c operator, corresponding to n = m = 3, k = 0, which does not play a role in the following discussion. Therefore, if C n,m,k (ε, η, c s , s, . . .) are all of the same order of magnitude, then the strong coupling scale is generically fixed by the standard derivative operators with m = 0, i.e. the scale is still Λ ⋆ .
For some specific cubic operators, we can be more precise about the form of the C n,m,k 's, which allow us to discuss the theory's cutoff in sharper terms. In [47] the perturbative unitarity cutoff induced byπ c (∂ i π c ) 2 andπ 3 c were found to scale as
where we are dropping 4π-factors for simplicity. An analogous computation can be done also for the other operators in the cubic action (6.9). For instance,
Notice that in the case of standard slow roll evolution, ε, η, s ≪ 1, the scale (6.15) is expected to be parametrically higher than (6.14), which therefore can be used as an estimation of the unitarity cutoff in the effective theory. By contrast, in the presence of some "strong" time dependence, e.g.
η, s O(1), as required for instance to solve the background equations of motion (4.7) in the shift symmetric theory (6.9), the pre-factor in (6.15) does not provide necessarily a huge enhancement, even if, on the other hand, the ratio Λ ⋆ /H 1 still tends to push the strong coupling associated with π c (∂ i π c ) 2 above Λ ⋆ . Nevertheless, it seems that for a speed of sound close enough to 1, i.e.
(1 − c 2 s ) 1/2 H/Λ ⋆ , the scale (6.15) could become in principle smaller than (6.14) found in [7, 47] , determining the energy at which unitarity breaks down. However, in order to avoid fine tuning, operators with less derivatives in (6.9) can not generically become strongly coupled at a scale that is lower than the one associated withπ c (∂ i π c ) 2 andπ 3 c . Indeed, requiring for instance that quantum corrections to the couplings of the derivative operatorsπ c (∂ i π c ) 2 andπ 3 c , due to loop diagrams involving e.g. the operators π c (∂ i π c ) 2 and π cπ 2 c , are at most of the same order of their tree level values, one finds the condition (1 − c 2 s ) 1/2 H/Λ ⋆ . As a result, one can still rely on (6.14) as an estimation of the energy scale at which additional UV degrees of freedom are expected to come into play.
Discussion
In this paper we have synthesized two concepts central to the study of fundamental cosmology:
shift symmetries of scalar fields, often invoked to explain the naturalness of putative inflationary potentials, and the EFT of Inflation [7] , which has become the standard framework for studying cosmological perturbations in a united way. Primarily, we have derived the constraints on EFT coefficients that are imposed by an exact, fundamental shift symmetry. These take the form of an infinite tower of recursion relations that govern the interactions of the resulting Goldstone theory, whose symmetry properties we have also elucidated.
There are various avenues along which to extend the present work. Two interesting lines of research are as follows:
• One motivation for this paper was to understand how internal symmetries and breaking patterns encode themselves into the EFT of Inflation. The present case was but the simplest example and one may consider other breaking patterns involving different additional (internal, gauge, spacetime) symmetries, which, in the spirit of [16] , could be also thought of as particular realizations of different forms of "matter" (see also [50, 51] ). As studied in Sec. 5 and [13] , adiabatic modes are associated to the internal symmetries and it would be interesting to work out their forms in these alternatives scenarios.
• Exact global symmetries are an idealization and are argued to not exist in consistent gravitational theories [2] [3] [4] . Indeed, in the context of inflation, we do not expect a perfect, global shift symmetry to be realistic, both for the aforementioned theoretical considerations and due to the practical issue that our recursive relations are in tension with the existence of slow-roll backgrounds, at least in the simplest shift-symmetric models. It would therefore be interesting to understand how soft symmetry breaking terms affect the conclusions of this work.
Such a study would again be profitably carried out in EFT language, in which many classes of softly-broken models could simultaneously be analyzed. Analogous to the psuedo-Goldstone boson analysis of QCD in which the squared pion masses are linked to the symmetry-breaking quark mass terms, we expect that this line of work would give an interpretation of cosmo-logical observables in terms of the scale characterizing the breaking of the shift symmetry 18 .
Finally, it would be particularly interesting to use this framework to determine whether there is some minimal scale at which the shift-symmetry must be broken in order to be consistent with a healthy inflationary background. These questions are left for future work [8] .
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A Noether Current
Because the diffeomorphism generated by ξ µ = δ µ 0 /Φ is a symmetry of the action, the Lagrangian must transform as a scalar, ∆L = ξ µ ∇ µ L. Together with the transformation of the metric determinant, the action changes by a boundary term:
so that the structure current for the associated conserved current is k µ = ξ µ L. Meanwhile, we can write the variation of the action in terms of the variations of g 00 and K µν . The transformation of g 00 is known. As for K µν , it is not a covariant object in the unitary gauge we are using, so it will not, under a general diffeomorphism, transform as a tensor-this is why such transformations are not symmetries to begin with. However, the specific diffeomorphism ξ µ we are considering is a symmetry, and thus the extrinsic curvature must transform covariantly under it if the overall Lagrangian is to be a scalar. Thus the action varies as:
Note that ∇ i J i = 0 due to metric compatibility and because the functions c depend on time only; thus the conservation law is simply ∇ 0 J 0 = 0. As usual, a Noether charge can be constructed by integrating the charge density J 0 over a constant time slice:
B Checking the Definition of R
In this subsection and the next, we check that the correct definition of R (or ζ) in clock time is the same as that in cosmological time, namely
in comoving gauge, δu = 0, with (e γ ) ij traceless for tensors. We call it R c because this is the value of the gauge-invariant variable R in comoving gauge. There are two ways to proceed. One way is to just perform a large gauge transformation from cosmological time to clock time and see that R is unchanged (R changes only under large spatial gauge transformations). The second way is to derive the local expansion rate as in the δN formalism [53] .
Method 1: Gauge Transformations to Clock Time
Under a coordinate transformation x → x ′µ = x µ + ǫ µ (x) (in φ time), We find the gauge tranfor- So we know δφ = c is a solution. This is a bit confusing because
is not a solution of the ζ equations of motion for constant δφ. Let us first check that this relation is correct for the case at hand. We want to cancel δφ, so ǫ = δφ/φ, which is a large gauge 
Method 2: Local Expansion Rate
Consider a unit four vector u µ u µ = −1, whose spatial part is first order in perturbation. The normalization implies
(B.14)
We want to compute the geodesic convergence θ ≡ ∇ µ u µ . To zeroth order this gives θ 0 = 3H f = 3H (0-th order) , (B.15)
which agree with the expectation that θ/3 is the locally measured expansion rate. To first order,
We find 16) which agrees with Eq (4.8) of [54] , after setting f = a and accounting for the different notation which is the same formula as in standard FLRW coordinates, upon the identification R = A/2.
C Clock Time EFT
In this Appendix, we expand upon the EFT of shift-symmetric cosmologies using the clock time coordinates introduced in Sec. 3.2.1.
The leading EFT terms in clock time are of the standard form:
S δg = dφdwhich vanishes for shift symmetric theories due to (C.5). In such cases, it is therefore possible to integrate the action (C.6) by parts such that ϕ always appears with at least one derivative acting upon it.
D No Slow-Roll in P (X)
In this Appendix, we use the P (X) Lagrangian to directly re-derive the relation (4.7) which demonstrates the absence of slow-roll solutions in this class of models.
We start by briefly reviewing the P (X) equations of motion. The Lagrangian is written as 20
and the associated stress tensor is given by:
Introducing the 4-velocity u µ = ∇ µ Φ/ −(∂Φ) 2 , the above can be written in perfect fluid form:
T µν = (ρ + p)u µ u ν + pg µν , p = P , ρ = −P + 2XP ′ (X) . Finally, the two independent gravitational equations are
Our goal is to re-write (D.5) in terms of H, ε, η and c 2 s . First, the gravitational EOM can be used to solve for P (X) and its derivative: 
